Abstract. In this paper, we study the fundamental group and orbits of cohomogeneity two Riemannian manifolds of constant negative curvature.
Introduction
Let M n be a complete and connected n-dimensional Riemannian manifold and G ⊂ Iso(M ) be a closed and connected Lie subgroup of Iso(M ) (the group of isometries of M ). We say that M is a G-manifold of G-cohomogeneity m, if the maximum of the dimensions of orbits G(x), x ∈ M is n − m. When m = 0 or 1 and M is negatively curved, there are interesting relations between topological properties of M and orbits of the action of G on M . If m = 0, then M is a homogeneous G-manifold. S. Kobayashi proved in [8] that a homogeneous Riemannian G-manifold M of negative curvature is diffeomorphic to R n , n = dim M . The authors of [14] got many results about cohomogeneity one Riemannian G-manifolds of negative curvature. Among other results, they proved that if M n , n ≥ 3 is a complete and connected non-simply connected cohomogeneity one Riemannian manifold of negative curvature, then either M is diffeomorphic to R k × T r , r + k = n, or π 1 (M ) = Z and the principal orbits are covered by S n−2 × R. There are little conclusions about topological properties of cohomogeneity two Riemannian manifolds of negative curvature. In this paper we are interested in cohomogeneity two Riemannian manifolds of constant negative curvature. Our main result is Theorem 3.6.
Preliminaries
In this paper, M is a complete and connected Riemannian manifold. Let G be a connected and closed Lie subgroup of isometries of M and M be the universal Riemannian covering manifold of M , by the covering map π : M → M . We will denote the deck transformation group of this covering by ∆. It is well known that ∆ is isomorphic to the fundamental group π 1 (M ) of M . We now mention some facts that we will use in the sequel. 
Proof. The group G ′ is defined as the compact case in [3] page 63. The proof of (a) and of (c) can be made in the same way as the proof of Theorem 9.1 in [3] . (b) is a simple consequence of the definition of G ′ . For the proof of (d), note that if x 0 is the fixed point of G in M , then by (c), π −1 (x 0 ) must be a one point set. Thus π is one to one and M = M . □
The following theorem is about cohomogeneity-one Riemannian manifolds. For the definition of singular and principal orbits and details about cohomogeneity-one Riemannian manifolds, we refer to [2] , [12] or [14] . 
Consider the Lorentzian space R n,1 (=R n+1 ) with a non-degenerate scalar product ⟨, ⟩ defined by:
It is well known that any simply connected Riemannian manifold of constant negative curvature, c < 0, is isometric to the hyperbolic space of curvature c defined by:
We recall that infinity M (∞) of a simply connected negatively curved Riemannian manifold M is the classes of equivalence of asymptotic geodesics. For each z ∈ M (∞) and p in M , there is a unique horosphere Q, which contains p and is centered at z (see [7] pages 34 and 35 for definitions and details). It is well known that each horosphere in H n (c) is isometric to R n−1 . By using the statements and remarks on pages 201 and 202 of [6] , we have the following fact: Fact 2.6. Consider the 1-parameter family Q t , t ∈ R, of horospheres of H n (c), centered at z and let G be a connected and closed Lie subgroup of isometries of
there is a totally geodesic orbit V t in Q t such that the following set is a totally geodesic submanifold of H n : 
Theorem 2.7 ([6]). Let G be a connected
, is strictly convex (see [14] for definition of normal geodesic and details about convex functions).
Thus we have one of the cases below: Case 1: F has a unique minimum point. Case 2: F does not have any minimum point. 
) and we have
Therefore, F has a minimum point between t 1 and t 2 . Which is a contradiction. Now consider an orbit D in M . D is one dimensional and simply connected, so it is diffeomorphic to R. ∆ is a discrete group of isometries of D, so ∆ = Z. The orbit
, be a negatively curved and non-simply connected complete Riemannian manifold, which is of cohomogeneity one under the action of a closed and connected Lie group G of isometries. If all orbits of this action is of dimension n − 1, then there is a positive integer k such that the orbits are diffeomorphic to
Proof. M does not have any singular orbit (as with Theorem 3.5 of [14] , if there is a singular orbit, it must be one dimensional). Thus by Theorem 3.7(a) in [14] , each orbit is diffeomorphic to
Lemma 3.3. Let G be a connected and closed Lie subgroup of isometries of
Proof. This lemma is correct in more general case for Riemannian manifolds. But we give a simple proof for our especial case. F is a totally geodesic submanifold of H n (c). Thus, we have 
G acts trivially on W so it can be identified with a subgroup of O(n − m). Let
For each g ∈ G, we have
G fixes the origin of R n−m so for each
Therefore the cohomogeneity of the action of G on H n (c) is ≥ m + 1 ≥ 3. □
Lemma 3.4. Let G be a connected and closed Lie subgroup of isometries of H n (c) and suppose that there exists a 1-parameter family of horospheres Q t centered at a point z, such that the action of G on Q 0 is of cohomogeneity one. Then, for each t we have G(Q t ) = Q t and one of the following is true:
(1) For each t ∈ R, the orbits of Q t are isometric to R n−2 . (2) There exists an integer m, 0 < m < n − 2, such that for each t ∈ R, Q t has one orbit isometric to R m and the other orbits of Q t are diffeomorphic to
Proof. Since the cohomgeneity of the action of G on Q 0 is one, then by Fact 2.6(a) for each t ∈ R, the action of G on Q t is of cohomogeneity one. Q 0 is isometric to R n−1 so by Theorem 2.2 we have the two cases below: (1) Each orbit of Q 0 is isometric to R n−2 . (2) One orbit of Q 0 is isometric to R m , 0 < m < n − 2, and the other orbits are diffeomorphic to S n−2−m × R m . By Fact 2.6(a) (and by dimensional reasons), it is easy to show that (1) or (2), which is true for Q 0 , must be true for all N is a totally geodesic cohomogeneity- one G-submanifold of M and one of the following assertions is true:
Proof. N is isometric to H m+1 (c). If m = 1, then by Lemma 3.1, one of the following is true:
(I) N is simply connected.
(II) π 1 (N ) = Z and there is an orbit B ⊂ N which is diffeomorphic to S 1 . If m ≥ 2, then by Lemma 3.2 we get that Proof. As in Fact 2.1, let G ′ be the connected covering group of G which acts by cohomogeneity two on H n (c), the universal Riemannian covering manifold of M . We denote the covering maps by
By Theorem 2.7, we have the three cases below:
′ has a unique nontrivial totally geodesic orbit.
(iii) All orbits are included in horospheres centered at the same point at infinity.
We study each case separately.
, then by Lemma 3.3, the cohomogeneity of the action of G ′ on H n (c) is ≥ 3, which is a contradiction. If dim(F ) = 1, then, from the fact that fixed point set is a totally geodesic submanifold, we get that F is the image of a geodesic λ. If M is simply connected, then we have part (a) of the theorem. If M is not simply connected, recall that each δ in ∆ commutes with the elements of G ′ . Thus ∆ maps fixed points of G ′ on to fixed points, and we have ∆(λ) = λ. Now by Fact 2.3 we get that π 1 (M ) = Z, and by Fact 2.1(c), the set B = F ∆ (which is diffeomorphic to
. This is the part (c) of the theorem. Now let dim(F ) = 0. Since F is connected, it has only one point. Then, by Fact 2.1(d), we get that M = H n (c). This is the part (a) of the theorem.
(ii): Let P be the unique totally geodesic orbit of the action of G ′ on H n (c). If P = H n (c), then the action is not of cohomogeneity two. Thus we have dim P < n. Each δ in ∆ maps G ′ -orbits of H n (c) onto G ′ -orbits. Since P is the unique totally geodesic orbit, we have ∆(P ) = P . If dim P = 1, then P is a geodesic in H n (c). Using Fact 2.3, we get that ∆ = Z and the orbit B = π(P ) = P Z is diffeomorphic to R Z = S 1 . These yield to the part (c) of the theorem. Now, let dim P > 1 and consider the orbit π(P ) in M . Since P is a totally geodesic G ′ -orbit in H n (c), π(P ) is a totally geodesic G-orbit in M . Thus π(P ) is homogeneous and of negative curvature, and by Theorem 2.4, it is simply connected. Therefore, the covering map π : P → π(P ) is trivial. Since ∆ is the deck transformation group of coverings P → π(P ) and H n (c) → M , ∆ is trivial and M is simply connected (part (a) of the theorem).
(iii): Let Q t be a 1-parameter family of horospheres, such that G ′ (Q t ) = Q(t). Since the action of G ′ on H n (c) is of cohomogeneity two, then at least for some t, say t = 0, the action of G ′ on Q 0 is of cohomogeneity one. Thus, by Lemma 3.4, one of the following is true.
(iii1) Each orbit in Q t , t ∈ R, is isometric to R n−2 . (iii2) There exists an integer m, 0 < m < n − 2, such that one orbit of Q t , t ∈ R, is isometric to R m and the other orbits of Q t are diffeomorphic to S n−2−m × R m . We study (iii1) and (iii2) separately. (iii1) Consider an orbit D in M . We have D = π(V ). Where V is a G ′ -orbit in H n (c). Since V is isometric to R n−2 , D is flat (and homogeneous). Thus, by Theorem 2.5, D is diffeomorphic to R m × T n−2−m for some m ≥ 0. Now, consider an orbit V 0 in Q 0 . Since V 0 (= R n−2 ) is totally geodesic in Q 0 (= R n−1 ), then, by using the Fact 2.6, we get that for each t, there is a G ′ -orbit V t in Q t , such that T V0 = ∪ t V t is a totally geodesic cohomogeneity-one G ′ -submanifold of H n (c). Therefore π(T V0 ) is a totally geodesic cohomogeneityone G-submanifold of M . Since H n (c) = ∪ V0 T V0 (where the union is on all
